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PROBLEMS AND SOLUTIONS. 235 



a/x^ ■{- if = r, and ylx = tan 6. 

We have the following equations: 

For the cone, z = h cot a, and for the oblique plane, % = h — z tan ^x. 
Eliminating z, we have for the projection on the x^z-plane of the oblique section, 

A tana 
r = 



1 + tan a tan ^ cos Q ' 



If dA is an element of area in the a;?/-plane, the element of the conical surface 
of which it is the projection is esc a • dA. Hence dS^ = esc a rdddr, and 

$2 = ^h? CSC a tan^ a I 
Jo 



(1 + tan a tan /? cos 6)^ 



where 



/»2ir 

= ^ sec a tan a I (1 + ^ cos 6)~HQ, 



h = tan a tan j8 



J/^2tt />27r 

I {l + kcose)-He= \ (1 - 2k cos d + 3k^ cosH - ■ ■ ■)de 
«^0 

where the general term is 

Hence, 

where 

k = tan a tan /3. 



fi = irk^ tan a sec a = wa^ esc a = iSi. 

Also solved by Albeet N. Natter. 

371. Proposed by B. F. FINKEL, Drnry College. 

Prove that the shortest distance between two curves or surfaces is normal to each. 

Solution by Elijah Swift, University of Vermont. 

Let us prove this for two surfaces; the proof for two curves is similar. Sup- 
pose the equations of the surfaces are f(x, y, z) = 0, F{x, y, z) = 0, and that the 
shortest distance is between the points (xi, yi, 21) on/ and (x2, 2/2, Z2) on F. Then 
we wish to make (xi — x^)^ + (yi — t/2)^ + (zi — 22)^ a minimum with the 
auxiliary conditions f{xi, yi, zi) = 0, F{x2, 2/2, 22) = 0. Necessary conditions 
are that the partial derivatives of 
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(.-Ki — X2Y + (2/1 — 7/2)^ + (21 — Z2y + \f{xi, 2/1, zi) + iiF{x2, yi, Z2), 

where X and n are constants, shall all vanish. This gives us six equations, of 
which these are types: 

dF 

— 2(a;i — 0:2) + ju^— = 0. 

JVom these, we have at once 

elf df df 

But df/dxi, df/dy, df/dzi, are proportional to the direction cosines of the normal 
to f{xi, 2/1, zi) = at (a;i, yi, Zi) . And Xi — Xi, 2/1 — 2/2, zi — Z2, are proportional 
to the direction cosines of the line joining {x\, 2/1, Zi) and (0:2, 2/2, Z2). Hence this 
line coincides with the normal. Similarly it is normal to F{x\, 2/1, zi) = 0. 
Hence, the shortest distance must be perpendicular to both surfaces, hid not 
necessarily conversely. 

372. Proposed by V. M. SPUNAB, Chicago, Illinois. 

Find the condition that the equation 



do? 



+^i-(i+a-o 



should have one solution expressible in integral powers of x; and show that if this condition 
is satisfied, every other solution of the equation possesses a logarithmic infinity at the origin. 

Solution by Albert N. Nauer, St. Louis, Mo. 

Let y = vx~^. Then finding the first and second derivatives of y with respect 
to x and substituting these values in the equation, we have 

This equation is of the form 

where mim + 1) = a^ — |, or m = — | ± a and a = 1. This equation has the 
three following known solutions : 

(1) u-x-^\^\ TO -4 2^ +(TO-J)(m-f) 2!2< (to - i)(m-f)(TO-i) 3! 2« "^ ' ' /' 

( , m , mOm — 1) o?x^ , mim — l)(m — 2) aW \ 

<2) U = e'^X-'^ (1 ax + — ) -■ -sy- + -7 1(7 r( -5-^ • • • ) , 

^ \ m mim — J) 2! m{m — J) (to — 1) 3! / 

,„^ ( ^ , m , m(m — 1) c?x'^ mim — 1)(ot — 2) aW , \ 

\ m m{m — i) 2! TO(m — 4)(to — 1) 3! / 



